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Abstract
We study η-deformations of principal chiral model (PCM) from the viewpoint of
a 4D Chern-Simons (CS) theory. The η-deformed PCM has originally been derived
from the 4D CS theory by Delduc, Lacroix, Magro and Vicedo [arXiv:1909.13824]. The
derivation is based on a twist function in the rational description. On the other hand,
we start with a twist function in the trigonometric description and discuss possible
boundary conditions. We show that a certain boundary condition reproduces the usual
η-deformed PCM and another one leads to a new kind of Yang-Baxter deformation.
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1 Introduction
Classically integrable field theories provide a good arena for examining non-linear dynamics.
It is a significant direction to consider a systematic way to construct the integrable field
theories [1–3]. Recently, Costello and Yamazaki [3] made an interesting proposal along this
line. According to it, starting from a certain 4D Chern-Simons (CS) theory, one can con-
struct classically integrable field theories systematically by taking a meromorphic 1-form and
adopting an appropriate boundary condition. In other words, the choice of the meromorphic
1-form and boundary condition determines the associated integrable field theory.
On the other hand, some techniques to perform integrable deformation are also useful
for generating new integrable field theories. For example, there has been much progress for
systematic ways to discuss integrable deformations of 2D non-linear sigma model, such as
the Yang-Baxter deformation [4, 5] and the λ-deformation [6, 7]. The Yang-Baxter (YB)
deformation was originally invented for 2D principal chiral model (PCM) with the modified
classical Yang-Baxter equation (mCYBE) [4,5] and then generalized to the symmetric coset
case [8, 9] and to the homogeneous classical Yang-Baxter equation (hCYBE) [10, 11]. In
particular, the YB deformation based on the mCYBE is often called the η-deformation.
In the very recent, Delduc, Lacrox, Magro and Vicedo succeeded in discussing the YB
deformation [12] along with the Costello-Yamazaki proposal [3]. A profound discovery made
in [13] is that the meromorphic function is nothing but a twist function characterizing the
classical integrable structure. That is, by starting with the associated twist function, the
meromorphic 1-form in [3] is automatically determined. Then one can figure out the well-
known integrable deformations as the associated boundary conditions.
In this paper, we are concerned with a realization of the η-deformation of 2D PCM
in [12]. Assume that the dynamical variable g of PCM takes a value in a Lie group G.
Then the PCM has the left and right symmetries, GL and GR , respectively. Under the
η-deformation, one of them is broken to U(1)r , where r is the rank of G . In our later
discussion, we will suppose that GR is broken while GL remains unbroken. The resultant
U(1)r symmetry can be regarded as the level zero part of an affine extension of q-deformed
GR , Ûq(g
R) [8,14], while the unbroken GL is enhanced to the Yangian algebra Y (g
L) [14,15].
It is remarkable that the left-right duality is still realized in a non-trivial way even after
performing the η-deformation [16] in the su(2) case. According to this duality, there are two
manners to describe the dynamics of the η-deformed PCM, 1) the trigonometric description
(based on Ûq(g
R)) and 2) the rational description (based on Y (gL)), and the two descriptions
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are equivalent under a certain relation of spectral parameters [16]. According to the two
ways, one may consider two kinds of twist functions. In the work [12], a twist function in
the rational description is utilized.
Our purpose here is to revisit the η-deformed PCM by starting with the trigonometric
description. Then the spectral parameter takes a value on a cylinder rather than a sphere.
This cylinder is equivalent to a couple of spheres and the two descriptions are equivalent
by taking account of the gauge-transformed monodromy in the rational description. On the
other hand, by starting from the trigonometric description, we can discuss the whole space
of spectral parameter by construction all at once, and hence we could not only reproduce
the usual results on the η-deformed PCM, but also discover a new type of YB deformation
as a byproduct. This is the main result of our paper.
This paper is organized as follows. Section 2 gives a short review of the work [12]
by focusing upon the η-deformed PCM. In Section 3, we study the η-deformed PCM by
employing the trigonometric description. In particular, the range of spectral parameter
becomes twice in comparison to the analysis in Section 2. Two boundary conditions lead
to the usual results and a new type of YB deformation, respectively. In Section 4, the left-
right duality is discussed in the η-deformed PCM. Section 5 is devoted to conclusion and
discussion. Appendix A explains the details on how to find appropriate boundary conditions.
Appendix B explains how to realize a possible λ-map. Appendix C gives a direct proof of
the integrability of the new-type of YB deformed sigma model. In Appendix D, we discuss
a specialty of the SU(2) case. In particular, the two boundary conditions are related by
a singular gauge transformation. Appendix E discusses a scaling limit of the η-deformed
SL(2,R) PCM at the level of twist function.
2 η-deformed PCM from 4D CS theory
This section provides a short review on a procedure to derive 2D integrable sigma models
from a 4D CS theory [3,12] and describes how to derive the η-deformed PCM by the rational
description1.
1One may begin with the trigonometric description and this will be the subject of Section 3.
3
2.1 4D CS action
Let GC be a complexified semisimple Lie group with Lie algebra gC equipped with a non-
degenerate symmetric bilinear form 〈·, ·〉 : gC × gC → C . The bilinear form 〈·, ·〉 is also
adjoint-invariant:
〈B, [C,D]〉 = −〈[C,B], D〉 . (2.1)
In the following, we will consider a gC-valued gauge field A defined onM×CP 1 . HereM
is a 2D Minkowski space with the coordinates xi = (x0, x1) = (τ, σ) and the metric is given
by ηij = diag(−1,+1) . The global holomorphic coordinate of CP 1 := C ∪ {∞} is denoted
by z . This CP 1 geometry characterizes the rational class of integrable system.
By following [3], we shall begin with a 4D CS action,
S[A] = − i
4pi
∫
M×CP 1
ω ∧ CS(A) . (2.2)
Here ω is a meromorphic 1-form defined as
ω := ϕ(z)dz , (2.3)
where ϕ is a meromorphic function defined on CP 1 . Remarkably, this function has been
identified with a twist function characterizing the Poisson structure of the underlying inte-
grable field theory [12].
In the following discussion, the pole and zero structure of ϕ will play a significant role.
The set of poles and zeros of ϕ is denoted as p and z , respectively.
As usual, the CS 3-form is defined as
CS(A) :=
〈
A, dA+
2
3
A ∧ A
〉
, (2.4)
where A is a gC-valued 1-form
A = Aσ dσ + Aτ dτ + Az¯ dz¯ . (2.5)
Note here that the z-component can always be ignored because the action (2.2) has an extra
gauge symmetry
A 7→ A+ χdz , (2.6)
because ω is a (1,0)-form, hence the gauge condition Az = 0 can be realized.
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With respect to the gauge field A , a variation of the action (2.2) is expressed as
δS[A] = − i
2pi
∫
M×CP 1
ω ∧ 〈δA, F (A)〉 − i
4pi
∫
M×CP 1
dω ∧ 〈A, δA〉 , (2.7)
where the field strength F (A) := dA+ A ∧ A and A is assumed to vanish at the boundary
ofM×CP 1 . Then the variation (2.7) indicates that the action (2.2) has stationary points
specified by the bulk equation of motion
ω ∧ F (A) =0 , (2.8)
and the boundary equation of motion
dω ∧ 〈A, δA〉 =0 . (2.9)
Note that the boundary equation of motion (2.9) has the support only onM×p ⊂M×CP 1 ,
because
dω = ∂z¯ϕ(z)dz¯ ∧ dz
and only the pole of ϕ can contribute as a distribution. The boundary conditions satisfying
(2.9) are crucial to describe integrable deformations [12].
The bulk equation of motion (2.8) can be expressed in terms of the component fields:
∂σAτ − ∂τAσ + [Aσ, Aτ ] =0 , (2.10)
ω (∂z¯Aσ − ∂σAz¯ + [Az¯, Aσ]) =0 , (2.11)
ω (∂z¯Aτ − ∂τAz¯ + [Az¯, Aτ ]) =0 . (2.12)
The factor ω is kept in order to cover the case ∂z¯Aσ and ∂z¯Aτ are distributions on CP 1
supported by z .
It is also helpful to rewrite the boundary equation of motion (2.9) into the form∑
x∈p
∑
p≥0
(resx ξ
p
xω) 
ij 1
p!
∂pξx〈Ai, δAj〉
∣∣
M×{x} = 0 , (2.13)
where ij is the antisymmetric tensor. Here the local holomorphic coordinates ξx is defined
as ξx := z − x for x ∈ p\{∞} and ξ∞ := 1/z if p includes the point at infinity. The
relation (2.13) manifestly shows that the boundary equation of motion does not vanish only
on M× p .
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Gauge invariance
Let us discus here the gauge invariance of the action (2.2) .
One may consider a transformation
A 7→ Au := uAu−1 − duu−1 , (2.14)
where u is a GC-valued function defined onM×CP 1 . Under this transformation, the field
strength F (A) transforms as
F (A) 7→ F (Au) = uF (A)u−1 . (2.15)
At the off-shell level, the action (2.2) transforms under the transformation (2.14) as
S[Au] = S[A]− i
4pi
∫
M×CP 1
ω ∧ IWZ [u]− i
4pi
∫
M×CP 1
ω ∧ d〈u−1du,A〉 , (2.16)
where IWZ [u] is the Wess-Zumino (WZ) 3-form defined as
IWZ [u] :=
1
3
〈u−1du, u−1du ∧ u−1du〉 . (2.17)
Hence the action (2.2) is invariant if the gauge parameter u satisfies
i
4pi
∫
M×CP 1
ω ∧ IWZ [u] = 0 , u|p = 1 . (2.18)
Thus the transformation (2.14) can be regarded as a gauge transformation with u satisfying
the condition (2.18) .
At the on-shell level, the bulk equation of motion (2.8) is invariant under the gauge
transformation, but the boundary equation of motion (2.9) may vary in general. Hence
one may consider two kinds of gauge transformation. 1) A transformation A 7→ Au which
preserves the boundary equation of motion is called a “gauge transformation”, and 2) a
general off-shell gauge transformation is called a “formal gauge transformation”.
2.2 Lax form
Let us then introduce the Lax form.
Considering a formal gauge transformation
A = −dgˆgˆ−1 + gˆLgˆ−1 , (2.19)
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for a smooth function gˆ :M× CP 1 → GC, we can always choose the gauge
Lz¯ = 0 , (2.20)
by taking Az¯ to be a pure-gauge component. Thus, the 1-form L takes the form
L := Lσdσ + Lτdτ , (2.21)
which is referred to as the Lax form. This will be regarded as a Lax pair for 2D theory in
our later discussion.
In terms of the Lax form L, the bulk equations of motion are expressed as
∂τLσ − ∂σLτ+[Lτ ,Lσ] = 0 , (2.22)
ω ∧ ∂z¯L = 0 . (2.23)
It follows that L is a meromorphic 1-form with poles at the zeros of ω , namely z is regarded
as the set of poles of L . Note here that because the transformation (2.19) is just a formal
gauge transformation, the Lax form L does not satisfy the original boundary condition (2.9).
By substituting (2.19) into the action (2.2) and using the relation (2.16) , one can obtain
the following expression:
S[A] = − i
4pi
∫
M×CP 1
ω ∧ IWZ [gˆ]− i
4pi
∫
M×CP 1
ω ∧ d〈gˆ−1dgˆ,L〉 . (2.24)
This is still a 4D action. In order to get a 2D action from this expression, one needs to
discuss a bit more as explained in the next subsection.
2.3 From 4D to 2D via the archipelago conditions
As explained in [12], if gˆ satisfies the archipelago conditions, which will be defined below,
the action (2.24) can be reduced to the 2D action with the WZ term for each point in p .
The archipelago conditions for gˆ are defined as follows:
There exist open disks Vx, Ux for each x ∈ p such that {x} ⊂ Vx ⊂ Ux and
i) Ux ∩ Uy = φ if x 6= y for all x, y ∈ p,
ii) gˆ = 1 outside M×∪x∈pUx,
iii) gˆ|M×Ux depends only on τ, σ and the radial coordinate |ξx| where ξx is the local holo-
morphic coordinate,
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iv) gˆ|M×Vx depends only on τ and σ, that is, gx := gˆ|M×Vx = gˆ|M×{x}.
The conditions i) and ii) can always be satisfied thanks to a gauge transformation, but it
is necessary to take an appropriate boundary condition so as to satisfy iii) and iv) . The
archipelago conditions say that L and A are identical outside the “islands” Ux but they
may be different inside Ux . To be more precise, while the Lax form L is meromorphic in
M×CP 1 due to the bulk equation of motion (2.23), A is modified to satisfy the boundary
equation of motion (2.9) by a formal gauge transformation in the islands Ux .
If gˆ satisfies the archipelago conditions, the 4D action (2.2) can be reduced into a 2D
action with the WZ term by performing an integral over CP 1. The resulting action is given
by
S
[
{gx}x∈p
]
=
1
2
∑
x∈p
∫
M
〈
resx(ϕL), g−1x dgx
〉
+
1
2
∑
x∈p
(resx ω)
∫
M×[0,Rx]
IWZ [gx] , (2.25)
where Rx is the radius of the open disk Ux . Due to the archipelago conditions iii), only the
integral with respect to the radial direction remains in the second term of (2.25).
Note here that the action (2.25) still has a 2D gauge invariance. Under the transforma-
tion with a gauge parameter h :M→ G ,
gx 7→ gxh , L 7→ h−1Lh+ h−1dh , (2.26)
the action (2.25) is indeed invariant. This can be seen as the residual gauge symmetry after
taking the gauge fixing (2.20) .
Reality condition
It is natural to impose some conditions for the forms of ω and the boundary conditions on A
so that the reality of the 4D action (2.2) and the resulting action (2.25) is ensured [12]. For
a complex coordinate z, complex conjugation z 7→ z defines an involution µt : CP 1 → CP 1 .
Let τ : gC → gC be an anti-linear involution. Then the set of the fixed point under τ is a
real Lie subalgebra g of gC. The anti-linear involution τ satisfies
〈B,C〉 = 〈τB, τC〉 , ∀B,C ∈ gC . (2.27)
The associated operation to the Lie group G is denoted by τ˜ : GC → GC .
Introducing these involutions, one can see that the reality of the action (2.25) is ensured
by the conditions
ω =µ∗tω , (2.28)
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τA =µ∗tA . (2.29)
Recalling the relation (2.19), we suppose that
τ˜ gˆ = µ∗t gˆ , τL = µ∗tL , (2.30)
so as to satisfy (2.29).
2.4 The η-deformed PCM from the rational description
It is instructive to explain how to derive the action of the η-deformed PCM and the asso-
ciated Lax pair, as an example. We employ the rational description as in [12], though the
left and right symmetries of PCM are exchanged here. Namely, the left symmetry is broken
in [12] while the right symmetry is broken in our discussion for the comparison with the
results obtained in [11,16].
Let us begin with a twist function ϕ given by [14,16]
ω = ϕ(zL) dzL =
K
1− c2η2
1− z2L
z2L − c2η2
dzL . (2.31)
Here K and η are real constants. The value of η measures the deformation. Then c is a
constant parameter characterizing the mCYBE,
[R(x), R(y)]−R ([R(x), y] + [x,R(y)]) = −c2[x, y] (x, y ∈ g, R ∈ End g) . (2.32)
There are two choices for the value of c , (i) c = 1 (split type) and (ii) c = i (non-split type).
In particular, we are interested in a skew-symmetric R-operator satisfying
〈R(X), Y 〉 = −〈X,R(Y )〉 , ∀X, Y ∈ g . (2.33)
For concreteness, we set c = i in the following. Then the twist function (2.31) reads
ϕ(zL) =
K
1 + η2
1− z2L
z2L + η
2
. (2.34)
Then the meromorphic 1-form ω has simple poles p1 = {±iη} , double pole p2 = {∞} and
single zeros z = {±1} .
Since the residues satisfy res−iη ω = res+iη ω , the boundary equation of motion (2.13)
can be expressed as
ij〈〈Ai|+iη, δAj|+iη〉〉gC;±iη + (res∞ ω)ij〈Ai|∞, δAj|∞〉+ (res∞ ξxω)ij∂ξx〈Ai, δAj〉|∞ = 0 .
(2.35)
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Here 〈〈·, ·〉〉gC;±iη : gC × gC → R is the non-degenerate symmetric adjoint-invariant bilinear
form defined as
〈〈x, x′〉〉gC;±iη := 2 Re ((res+iη ω)〈x, x′〉) , (2.36)
for x, x′ ∈ gC .
To solve the boundary equation of motion, we set the following conditions:
Ai|+iη ∈ gR , (2.37)
Ai|∞ = 0 , (2.38)
where gR := {(R − i)x|x ∈ g}. The first condition (2.37) ensures that the first term of
(2.35) vanishes, and the second condition (2.38) deletes the second and third terms. The
boundary condition (2.37) means how to decompose the Lie algebra gC = gR⊕ g. Here, the
set (gC, gR, g) is a Manin triple, and the fact that gR is a Lie subalgebra of g
C plays a crucial
role to satisfy the archipelago conditions iii) and iv) preserving the boundary equation of
motion (2.35).
The general discussion suggests that the Lax form L should have single poles at points
in z . Hence it is natural to assume the following expression of L:
L = V+
zL + 1
dσ+ +
V−
zL − 1 dσ
− + U+ dσ+ + U− dσ− . (2.39)
Here σ± are the light-cone coordinates on M defined as
σ± :=
1
2
(τ ± σ) , dσ+ ∧ dσ− = −1
2
dτ ∧ dσ , (2.40)
and V±, U± :M→ g are smooth functions. Using the 2D gauge symmetry and the freedom
accompanied with the choice of the Lie subalgebra of gC allow us to set an archipelago type
field gˆ like
gˆ±iη = g−1 , gˆ∞ = 1 . (2.41)
Here g : M → G is a smooth function and the reality of g is ensured by appropriate
equivariant property of gˆ as discussed in [12].
Then the relation between A and L (2.19) leads to
A|±iη = g−1dg + Adg−1 L|±iη , A|∞ = L|∞ , (2.42)
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where Adg is defined as
Adg x := g x g
−1 , for x ∈ g . (2.43)
The boundary conditions (2.37) and (2.38) can be expressed explicitly as
(R + i)Ai|iη = (R− i)Ai|−iη , A|∞ = 0 . (2.44)
Introducing the left-invariant 1-form j := g−1dg and Rg := Ad
−1
g ◦R ◦ Adg, the unknown
functions V± and U± are determined by combining (2.39), (2.42) and (2.44) as
V± = ∓ η
2 + 1
1∓ ηRg−1 ∂±gg
−1 = ∓g
(
η2 + 1
1∓ ηR j±
)
g−1 , U± = 0 . (2.45)
As a result, the Lax form is given by
L = g
[
−
(
η2 + 1
1− ηR
)
1
zL + 1
j+ dσ
+ +
(
η2 + 1
1 + ηR
)
1
zL − 1 j− dσ
−
]
g−1 . (2.46)
Finally, let us evaluate the 2D action (2.25) . The residues res±iη(ϕL) are computed as
res±iη(ϕL) = ∓ K
2iη
g
(
1∓ iη
1− ηR j+dσ
+ +
1± iη
1 + ηR
j−dσ−
)
g−1 , (2.47)
and gˆ−1dgˆ|∞ = 0 . Hence the resulting action is given by
S[g] =
K
2
∫
M
dτ ∧ dσ
〈
j−,
1
1− ηR j+
〉
. (2.48)
The action (2.48) and the Lax form (2.46) are equivalent to the ones of the η-deformed
PCM [4,5].
3 From the trigonometric description
In this section, we will start from a twist function in the trigonometric description and
try to reproduce the η-deformed PCM. Then the spectral parameter zR takes a value on
a cylinder rather than CP 1 parametrized by zL . The cylinder geometry is a characteristic
of the trigonometric class of integrable system and zR should be distinguished from zL [16]
(though they are related each other via a certain relation, as will be explained later).
In fact, the cylinder is equivalent to a couple of CP 1’s. When the rational description
is adopted, it is necessary to take account of the gauge transformed monodromy separately
so as to see the equivalence. But by starting from the trigonometric description, one can
discuss the whole space of spectral parameter by construction all at once.
In the analysis here, by starting from the trigonometric description, we could not only
reproduce the well-known result, but also discover a new type of YB deformation as a
byproduct. This is the main result of our paper.
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3.1 Twist function
The meromorphic 1-form ω in the trigonometric description [14,16] is given by
ω =
sinh(α− zR) sinh(α + zR)
sinhα coshα sinh2 zR
dzR = ϕc(zR) dzR , (3.1)
where α is a pure imaginary parameter. Since ϕc(zR) has the following periodicity:
ϕc(zR) = ϕc(zR + 2pii) , (3.2)
the fundamental region of zR can be taken as
C/Z =
{
zR ∈ C
∣∣∣∣− pi2 < Im zR < 3pi2
}
. (3.3)
This cylinder C/Z can be mapped to a plane C× := C\{0} via the map
wR := exp zR . (3.4)
Then ω in (3.1) is rewritten as
ω =
4 (e2α − w2R) (e2αw2R − 1)
(e4α − 1)wR (w2R − 1)2
dwR = ϕ(wR) dwR . (3.5)
In the following, we take wR as the global holomorphic coordinate.
Zeros and poles of ω
The meromorphic 1-form ω in (3.5) has single zeros
z = {e−α, eα,−e−α,−eα} , (3.6)
and the set of single poles p1 and double poles p2
p1 = {0,∞} , p2 = {−1,+1} , (p = p1 ∪ p2) . (3.7)
The location of the zeros and poles is shown in Fig. 1. The residues at the poles are given
by
reswR=1 ω = 0 , reswR=1 ξ1 ω = tanhα ,
reswR=−1 ω = 0 , reswR=−1 ξ−1 ω = − tanhα , (3.8)
reswR=0 ω = −
2
sinh 2α
, reswR=∞ ω = +
2
sinh 2α
,
where the local holomorphic coordinates are defined by ξ±1 := wR ∓ 1.
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wR
<latexit sha1_base64="LSfIin/E/WcfeNfDJY5pe8jveXY=">AAAB83 icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUV+4DOUDJppg3NJEOSUcrQ33DjQhG3/ow7/8Z0OgttPRA4nHMv9+SECWfauO63s7K6tr6xWdoqb+/s 7u1XDg7bWqaK0BaRXKpuiDXlTNCWYYbTbqIojkNOO+H4ZuZ3HqnSTIoHM0loEOOhYBEj2FjJf+r7MTYjHWX3036l6tbcHGiZeAWpQoFmv/LlDyRJYy oM4VjrnucmJsiwMoxwOi37qaYJJmM8pD1LBY6pDrI88xSdWmWAIqnsEwbl6u+NDMdaT+LQTuYJF72Z+J/XS010FWRMJKmhgswPRSlHRqJZAWjAFCWGT yzBRDGbFZERVpgYW1PZluAtfnmZtOs177xWv7uoNq6LOkpwDCdwBh5cQgNuoQktIJDAM7zCm5M6L8678zEfXXGKnSP4A+fzB3YIkfU=</latexit>
RewR
<latexit sha1_base64="pcMJdNYOlbarmytMTMNy83Us5PE=">AAACBnicbVBNS8NAEN34WetX1KMI wSJ4KkkV9Fj04rEW+wFtKZvtpF262Q27G6WEnrz4V7x4UMSrv8Gb/8ZNmoO2Phh4vDfDzDw/YlRp1/22lpZXVtfWCxvFza3tnV17b7+pRCwJNIhgQrZ9rIBRDg1NNYN2JAGHPoOWP75O/dY9SEUFv9OTCHohHnIa UIK1kfr2UVdEILEWkuMQkjpMH/rdEOuRCpL6tG+X3LKbwVkkXk5KKEetb391B4LEIXBNGFaq47mR7iVYakoYTIvdWEGEyRgPoWNoulP1kuyNqXNilIETCGmKaydTf08kOFRqEvqmM7tw3kvF/7xOrIPLXkJ5FGvg ZLYoiJmjhZNm4gyoBKLZxBBMJDW3OmSEJSbaJFc0IXjzLy+SZqXsnZUrt+el6lUeRwEdomN0ijx0garoBtVQAxH0iJ7RK3qznqwX6936mLUuWfnMAfoD6/MHs+aZ6A==</latexit>
Re zR
<latexit sha1_base64="SquVJNhKMJQujQxEepIZGYu9uzE=">AAACBnicbVBNS8NAEN34W etX1KMIwSJ4KkkV9Fj04rEW+wFNKJvtpF262Q27G6GGnrz4V7x4UMSrv8Gb/8Ztm4O2Phh4vDfDzLwwYVRp1/22lpZXVtfWCxvFza3tnV17b7+pRCoJNIhgQrZDrIBRDg1NNYN2IgHHIYNWOLy e+K17kIoKfqdHCQQx7nMaUYK1kbr2kS8SkFgLyXEMWR3GD10/xnqgoqw+7tolt+xO4SwSLycllKPWtb/8niBpDFwThpXqeG6igwxLTQmDcdFPFSSYDHEfOoZOdqogm74xdk6M0nMiIU1x7UzV 3xMZjpUaxaHpnF44703E/7xOqqPLIKM8STVwMlsUpczRwplk4vSoBKLZyBBMJDW3OmSAJSbaJFc0IXjzLy+SZqXsnZUrt+el6lUeRwEdomN0ijx0garoBtVQAxH0iJ7RK3qznqwX6936mLUuWf nMAfoD6/MHuJOZ6w==</latexit>
Im zR
<latexit sha1_base64="6C6UJRKUOZ4dUz uKkOYyy2HJHe8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclaQKuiy60V0V+4AmhMl00g6 dZMLMRKghKzf+ihsXirj1G9z5N07SLLT1wIXDOfdy7z1+zKhUlvVtLCwuLa+sVtaq6xubW9v mzm5H8kRg0saccdHzkSSMRqStqGKkFwuCQp+Rrj++zP3uPRGS8uhOTWLihmgY0YBipLTkmQ cOj4lAiosIhSS9DrMHzwmRGskgvc08s2bVrQJwntglqYESLc/8cgYcJyGJFGZIyr5txcpNk VAUM5JVnUSSGOExGpK+pvlO6abFGxk80soABlzoihQs1N8TKQqlnIS+7iwunPVy8T+vn6jg 3E1pFCeKRHi6KEgYVBzmmcABFQQrNtEEYUH1rRCPkEBY6eSqOgR79uV50mnU7ZN64+a01rwo 46iAfXAIjoENzkATXIEWaAMMHsEzeAVvxpPxYrwbH9PWBaOc2QN/YHz+ALb5meo=</latex it>
ImwR
<latexit sha1_base64="MowlZ5nVAwAQ4N1yFhwLBiz+Fsg=">AAACBnicbVDLSsNAFJ34rPUVdS nCYBFclaQKuiy60V0V+4AmhMl00g6dZMLMRCkhKzf+ihsXirj1G9z5N07SLLT1wIXDOfdy7z1+zKhUlvVtLCwuLa+sVtaq6xubW9vmzm5H8kRg0saccdHzkSSMRqStqGKkFwuCQp+Rrj++zP3uPRGS8uhOTW LihmgY0YBipLTkmQcOj4lAiosIhSS9DrMHzwmRGskgvc08s2bVrQJwntglqYESLc/8cgYcJyGJFGZIyr5txcpNkVAUM5JVnUSSGOExGpK+pvlO6abFGxk80soABlzoihQs1N8TKQqlnIS+7iwunPVy8T+vn 6jg3E1pFCeKRHi6KEgYVBzmmcABFQQrNtEEYUH1rRCPkEBY6eSqOgR79uV50mnU7ZN64+a01rwo46iAfXAIjoENzkATXIEWaAMMHsEzeAVvxpPxYrwbH9PWBaOc2QN/YHz+ALJMmec=</latexit>3⇡
2
<latexit sha1_base64="HYV0vumnnnHnq5ZuHJPBqPPOyiI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU 0laQU9S8OKxgv2AJpbNdtMu3WzC7kYpIf/DiwdFvPpfvPlv3KY5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+PuipKJKEdEvFI9n2sKGeCdjTTnPZjSXHoc9rzpzdzv/dIpWKRuNezmHohHgsWMIK1kR7cQGKSNt 2YZWkjG1Zrdt3OgVaJU5AaFGgPq1/uKCJJSIUmHCs1cOxYeymWmhFOs4qbKBpjMsVjOjBU4JAqL82vztCZUUYoiKQpoVGu/p5IcajULPRNZ4j1RC17c/E/b5Do4MpLmYgTTQVZLAoSjnSE5hGgEZOUaD4zBBPJzK2ITLAJQpug KiYEZ/nlVdJt1J1mvXF3UWtdF3GU4QRO4RwcuIQW3EIbOkBAwjO8wpv1ZL1Y79bHorVkFTPH8AfW5w+NuJKI</latexit>
 ⇡
2
<latexit sha1_base64="JmuN6ySxIP2oFyLavmel9kfp8zc="> AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpBT0WvHisYD+giWWz3bRLN5uwu1FKyP/w4kERr/4Xb/4bN20O2vpg4PHeDDPz/JgzpW3 72yqtrW9sbpW3Kzu7e/sH1cOjrooSSWiHRDySfR8rypmgHc00p/1YUhz6nPb86U3u9x6pVCwS93oWUy/EY8ECRrA20sOFG0hMUjdmWdr IhtWaXbfnQKvEKUgNCrSH1S93FJEkpEITjpUaOHasvRRLzQinWcVNFI0xmeIxHRgqcEiVl86vztCZUUYoiKQpodFc/T2R4lCpWeibzh DriVr2cvE/b5Do4NpLmYgTTQVZLAoSjnSE8gjQiElKNJ8Zgolk5lZEJtjkoE1QFROCs/zyKuk26s5lvXHXrLWaRRxlOIFTOAcHrqAFt 9CGDhCQ8Ayv8GY9WS/Wu/WxaC1Zxcwx/IH1+QOAD5J4</latexit>
↵
<latexit sha1_base64="Y8G3tpZ pftXPfjC6KYkLBIQGGWI=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mqoN4KXjxWsB/QhjLZbtq1m03Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hh vhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z0 3AjWCdRDKNAsHYwvp357SemNI/lg5kkzI9wKHnIKRortXookhH2yxW36s 5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWio xYtrP5tdOyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147Wdc Jqlhki4WhakgJiaz18mAK0aNmFiCVHF7K6EjVEiNDahkQ/CWX14lrVrVu 6jW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKDzCM7zCmxM7L86787FoLTj5zD H8gfP5A4oajxM=</latexit>
 ↵
<latexit sha1_base64="ObtHeGb v1AWAGqwl7riEfEhAQYo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiy WpgnorePFYwX5AG8pku2mXbpJldyOU0B/hxYMiXv093vw3btsctPXBwOO 9GWbmBVJwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk5SRVmTJiJRnQA1EzxmT cONYB2pGEaBYO1gfDfz209MaZ7Ej2YimR/hMOYhp2is1L7ooZAj7Jcrbt Wdg6wSLycVyNHol796g4SmEYsNFah113Ol8TNUhlPBpqVeqplEOsYh61o aY8S0n83PnZIzqwxImChbsSFz9fdEhpHWkyiwnRGakV72ZuJ/Xjc14Y2f 8VimhsV0sShMBTEJmf1OBlwxasTEEqSK21sJHaFCamxCJRuCt/zyKmnVq t5ltfZwVanf5nEU4QRO4Rw8uIY63EMDmkBhDM/wCm+OdF6cd+dj0Vpw8p lj+APn8wf0So9K</latexit>
⇡i  ↵
<latexit sha1_base64="0zrFhH/ xc9MDir1/vUNP/Z8xhlc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiy WpgnorePFYwX5AE8pku2mXbpJldyOU0r/hxYMiXv0z3vw3btsctPXBwOO 9GWbmhVJwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4zRVmTpiJVnRA1EzxhT cONYB2pGMahYO1wdDfz209MaZ4mj2YsWRDjIOERp2is5PuSE37ho5BD7J UrbtWdg6wSLycVyNHolb/8fkqzmCWGCtS667nSBBNUhlPBpiU/00wiHeG AdS1NMGY6mMxvnpIzq/RJlCpbiSFz9ffEBGOtx3FoO2M0Q73szcT/vG5m optgwhOZGZbQxaIoE8SkZBYA6XPFqBFjS5Aqbm8ldIgKqbExlWwI3vLLq 6RVq3qX1drDVaV+m8dRhBM4hXPw4BrqcA8NaAIFCc/wCm9O5rw4787Hor Xg5DPH8AfO5w9hJpE6</latexit>
⇡i+ ↵
<latexit sha1_base64="NC3PvbW CFtjDff8iS4ubTTNqw+E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEE pSBfVW8OKxgv2AJpTJdtMu3STL7kYopX/DiwdFvPpnvPlv3LY5aOuDgcd 7M8zMC6Xg2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1mirImTUWqOiFqJnjCm oYbwTpSMYxDwdrh6G7mt5+Y0jxNHs1YsiDGQcIjTtFYyfclJ/zCRyGH2C tX3Ko7B1klXk4qkKPRK3/5/ZRmMUsMFah113OlCSaoDKeCTUt+pplEOsI B61qaYMx0MJnfPCVnVumTKFW2EkPm6u+JCcZaj+PQdsZohnrZm4n/ed3M RDfBhCcyMyyhi0VRJohJySwA0ueKUSPGliBV3N5K6BAVUmNjKtkQvOWXV 0mrVvUuq7WHq0r9No+jCCdwCufgwTXU4R4a0AQKEp7hFd6czHlx3p2PRW vByWeO4Q+czx9eEpE4</latexit>
e↵
<latexit sha1_base64="RoRGCHxv7jiuJpedH/oJqb2we2U=">AAAB73 icbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cK9gPaWCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtn d2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+64kpzWN5b8YJ8yMcSB5yisZKbfbQRZEMsVcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKl Drjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwis/4zJJDZN0vihMBTExmT5P+lwxasTYE qSK21sJHaJCamxERRuCt/jyMmlWK955pXp3Ua5d53EU4BhO4Aw8uIQa3EIdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx8AmY/q</latexit>
e ↵
<latexit sha1_base64="hj/ihWPvtlZJJGSDbXGLrdjzj+Y=">AAAB8n icbVBNS8NAEN34WetX1aOXxSJ4sSRVUG8FLx4r2A9oY9lsJ+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO 7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB0O/VbT6CNiNUDjhPwIzZQIhScoZU68Jidd5lMhmzSK5XdijsDXSZeTsokR71X+ur2Y55GoJ BLZkzHcxP0M6ZRcAmTYjc1kDA+YgPoWKpYBMbPZidP6KlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG89jOhkhRB8fmiMJUUYzr9n/aFBo5yb AnjWthbKR8yzTjalIo2BG/x5WXSrFa8i0r1/rJcu8njKJBjckLOiEeuSI3ckTppEE5i8kxeyZuDzovz7nzMW1ecfOaI/IHz+QM1ZZEt</latexit>
 e ↵
<latexit sha1_base64="xafmm9tIAGnmny6tXkg4EttxtAY=">AAAB83 icbVBNSwMxEJ2tX7V+VT16CRbBS8tuFdRbwYvHCvYDumvJptk2NJsNSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF0rOtHHdb6ewtr6xuVXcLu3s 7u0flA+P2jpJFaEtkvBEdUOsKWeCtgwznHalojgOOe2E49uZ33miSrNEPJiJpEGMh4JFjGBjJb9KH7Oqj7kc4Wm/XHFr7hxolXg5qUCOZr/85Q8Sks ZUGMKx1j3PlSbIsDKMcDot+ammEpMxHtKepQLHVAfZ/OYpOrPKAEWJsiUMmqu/JzIcaz2JQ9sZYzPSy95M/M/rpSa6DjImZGqoIItFUcqRSdAsADRgi hLDJ5Zgopi9FZERVpgYG1PJhuAtv7xK2vWad1Gr319WGjd5HEU4gVM4Bw+uoAF30IQWEJDwDK/w5qTOi/PufCxaC04+cwx/4Hz+AKCAkWQ=</latex it>
 e↵
<latexit sha1_base64="OdmocOFwPlU7Yd6TP1LKKoGLExo=">AAAB8n icbVBNS8NAEN34WetX1aOXxSJ4sSRVUG8FLx4r2A9oY9lsJ+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO 7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB0O/VbT6CNiNUDjhPwIzZQIhScoZU65/CYdZlMhmzSK5XdijsDXSZeTsokR71X+ur2Y55GoJ BLZkzHcxP0M6ZRcAmTYjc1kDA+YgPoWKpYBMbPZidP6KlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG89jOhkhRB8fmiMJUUYzr9n/aFBo5yb AnjWthbKR8yzTjalIo2BG/x5WXSrFa8i0r1/rJcu8njKJBjckLOiEeuSI3ckTppEE5i8kxeyZuDzovz7nzMW1ecfOaI/IHz+QM0rpEt</latexit>
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<latexit sha1_base64="tmRH4+H8pXs1Mf2SSvk4ehRdn2Q=">AAAB6XicbVBNS8NA EJ34WetX1aOXxSIIQkmqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYb gR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlh3OvVyq7FXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Nrt0Qk6t0idhrGxJQ2bq 74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZv0uUJmxNgSyhS3txI2pIoyY8Mp2hC8xZeXSbNa8S4q1fvLcu0mj6MAx3ACZ+DBFdTgDurQAAYhPMMrvDkj58 V5dz7mrStOPnMEf+B8/gDfcYzl</latexit>
 1
<latexit sha1_base64="jK7wzlPV4jQbiFPqoMWZafsHqiM=">AAAB6XicbVBNS8 NAEJ34WetX1aOXxSJ4sSRVUG8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZ fYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSw7nXK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVr akITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpFmteBeV6v1luXaTx1GAYziBM/DgCmpwB3VoAIMQnu EV3pyR8+K8Ox/z1hUnnzmCP3A+fwDie4zn</latexit>
wR = e
zR
<latexit sha1_base64="3Fw5bmWKSItECsZb0bpjDrZfszM=">AAACBn icbVDLSsNAFJ3UV62vqEsRBovgqiRVUBdCwY3LKvYBbQyT6aQdOpmEmYlSQ1Zu/BU3LhRx6ze482+cplnU1gMDZ865l3vv8SJGpbKsH6OwsLi0vFJc La2tb2xumds7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w8ux37onQtKQ36pRRJwA9Tn1KUZKS665/+B2A6QG0k9u0gtylzxO/VPXLFsVKwOcJ3 ZOyiBH3TW/u70QxwHhCjMkZce2IuUkSCiKGUlL3ViSCOEh6pOOphwFRDpJdkYKD7XSg34o9OMKZup0R4ICKUeBpyuzFWe9sfif14mVf+YklEexIhxPB vkxgyqE40xgjwqCFRtpgrCgeleIB0ggrHRyJR2CPXvyPGlWK/ZxpXp9Uq6d53EUwR44AEfABqegBq5AHTQABk/gBbyBd+PZeDU+jM9JacHIe3bBHxh fv4BymcE=</latexit>
⇡
2
<latexit sha1_base64="0huZk7VRDMDX6+TFLIuRNnJW4Ho=">AAAB9H icbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMF+wFNKJvtpl26u4m7m0IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWZemHCmjet+OxubW9s7u6W98v7B 4dFx5eS0o+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZv73SlVmsXy0cwSGgg8kixiBBsrBX6kMMn8hOVZPR9Uqm7NXQCtE68gVSjQGlS+/GFMUk GlIRxr3ffcxAQZVoYRTvOyn2qaYDLBI9q3VGJBdZAtjs7RpVWGKIqVLWnQQv09kWGh9UyEtlNgM9ar3lz8z+unJroNMiaT1FBJlouilCMTo3kCaMgUJ YbPLMFEMXsrImNsczA2p7INwVt9eZ106jXvulZ/aFSbjSKOEpzDBVyBBzfQhHtoQRsIPMEzvMKbM3VenHfnY9m64RQzZ/AHzucPFJaSQQ==</latex it>
⇡i
<latexit sha1_base64="2GWO/fT Ts9NZmNwZ/fjjdr0UrlY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kk kV1FvBi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6 bYWZemAqujet+O2vrG5tb26Wd8u7e/sFh5ei4pZNMMfRZIhLVCalGwSX6h huBnVQhjUOB7XB8N/PbT6g0T+SjmaQYxHQoecQZNVbyeyknvF+pujV3Dr JKvIJUoUCzX/nqDRKWxSgNE1TrruemJsipMpwJnJZ7mcaUsjEdYtdSSWP UQT4/dkrOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZiW6CnMs0 MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzKdsQvOWXV0mrXvMua /WHq2rjtoijBKdwBhfgwTU04B6a4AMDDs/wCm+OdF6cd+dj0brmFDMn8A fO5w9qZY5l</latexit>
Figure 1: C/Z (with zR) and C× (with wR) . The poles and zeros of ω are denoted by ◦ and × , respectively.
The reality condition of ω
Let us consider the reality condition in the trigonometric description. The complex plane
of spectral parameter is different from the rational description. It is necessary to discuss a
possible involution in more detail2.
An involution µt may be defined with complex conjugation for z
′
R := izR as follows:
µt : z
′
R → z′R ⇐⇒ zR → −zR ⇐⇒ wR →
1
wR
. (3.9)
Note that the points wR = ±1 are fixed points of µt . Then by using this µt the reality
condition (2.28) is realized as
ω =
(
sin(iα− z′R) sin(iα + z′R)
sin iα cos iα sin2 z′R
dz′R
)
=
sin
(
iα− z′R
)
sin
(
iα + z′R
)
sin iα cos iα sin2 z′R
dz′R
=µ∗tω .
(3.10)
3.2 The boundary condition
In the 4D CS theory (2.2), the base spaceM×CP 1 is replaced byM×C× . However, the
bulk and boundary equations of motion in (2.8) and (2.9) remain unchanged.
For ω in (3.5) , the boundary equation of motion (2.13) is expressed as
0 = (reswR=1 ω) 
ij 〈Ai|1, δAj|1〉+ (reswR=1 ξ1ω) ij∂ξ1 〈Ai|1, δAj|1〉
2The authors greatly appreciate the referee’s comment and suggestion for this point.
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+ (reswR=−1 ω) 
ij 〈Ai|−1, δAj|−1〉+ (reswR=−1 ξ−1ω) ij∂ξ−1 〈Ai|−1, δAj|−1〉
+ (reswR=0 ω) 
ij 〈Ai|0, δAj|0〉+ (reswR=∞ ω) ij 〈Ai|∞, δAj|∞〉 . (3.11)
Then the sufficient conditions are given by
ij〈〈(Ai|1, (∂ξ1Ai)|1) ,δ (Aj|1, (∂ξ1Aj)|1)〉〉t;1 = 0 (3.12)
ij〈〈(Ai|−1, (∂ξ−1Ai)|−1) ,δ (Aj|−1, (∂ξ−1Aj)|−1)〉〉t;−1 = 0 , (3.13)
ij〈〈(Ai|0, Ai|∞),δ(Aj|0, Aj|∞)〉〉h;wR=0,∞ = 0 , (3.14)
where the above bilinear forms are defined as, respectively,
〈〈(x, y), (x′, y′)〉〉t;1 := (reswR=1 ω)〈x, x′〉+ (reswR=1 ξ1ω)(〈x, y′〉+ 〈x′, y〉)
= tanhα(〈x, y′〉+ 〈x′, y〉) , (3.15)
〈〈(x, y), (x′, y′)〉〉t;−1 := (reswR=−1 ω)〈x, x′〉+ (reswR=−1 ξ−1ω)(〈x, y′〉+ 〈x′, y〉)
= − tanhα(〈x, y′〉+ 〈x′, y〉) , (3.16)
〈〈(x, y), (x′, y′)〉〉h;wR=0,∞ := (reswR=0 ω)〈x, x′〉+ (reswR=∞ ω)〈y, y′〉
= − 2
sinh 2α
(〈x, x′〉 − 〈y, y′〉) . (3.17)
To satisfy these boundary conditions, we assign Drinfeld doubles to the bilinear forms
as follows:
t = (gn {0})⊕ ({0}n gab) (3.18)
for wR = 1,−1 , and a new Drinfeld double
h := gδ ⊕ gR (3.19)
for wR = 0,∞ . Here gab is an abelian copy of g , gδ and gR are defined as
gR := {((R− i)x, (R + i)x)|x ∈ g} , (3.20)
gδ := {(x, x)|x ∈ g} . (3.21)
As a result, Ai is supposed to satisfy
(Ai|wR=1, (∂ξ1Ai)|wR=1) ∈ {0}n gab , (3.22)
(Ai|wR=−1, (∂ξ−1Ai)|wR=−1) ∈ {0}n gab , (3.23)
(Ai|wR=0, Ai|wR=∞) ∈ gR , (3.24)
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by taking account of the reality condition (2.29). For a short review of Manin triple and
Drinfeld double, see Appendix A.
These choices indeed ensure that the boundary conditions are satisfied, because {0}ngab
and gR are isotropic with respect to the bilinear forms defined above, that is,
〈〈(0, y), (0, y′)〉〉t;1 = tanhα(〈0, y′〉+ 〈0, y〉) = 0 , (3.25)
〈〈(0, y), (0, y′)〉〉t;−1 = − tanhα(〈0, y′〉+ 〈0, y〉) = 0 , (3.26)
〈〈((R− i)x, (R + i)x), ((R− i)x′, (R + i)x′)〉〉h;wR=0,∞
=− 2
sinh 2α
〈(R− i)x, (R− i)x′〉+ 2
sinh 2α
〈(R + i)x, (R + i)x′〉
=− 2
sinh 2α
(〈Rx,Rx′〉 − 〈x, x′〉) + 2
sinh 2α
(〈Rx,Rx′〉 − 〈x, x′〉)
=0 . (3.27)
Note here that the skew-symmetricity of R has been utilized in (3.27) .
In addition, these subspaces are found to be Lie subalgebras of t and h , respectively.
Thus these conditions are sufficient to derive 2D action.
3.3 Lax form and 2D action
Next, let us determine the associated Lax form and 2D action.
The first is to determine the Lax form L . The meromorphic 1-form ω has four single
zeros in z , hence the Lax form should have simple poles at z . Assume that the light-cone
components of L are represented by
L+ = V+wR + V
′
+
e2αw2R − 1
+ U+ , (3.28)
L− = V−wR + V
′
−
w2R − e2α
+ U− , (3.29)
where V±, V ′±, U± : M → gC are smooth functions. Note here that the reality condition
(2.30) is now realized with µt as follows:
τL± = µ∗tL± , τ˜ gˆ = µ∗t gˆ . (3.30)
Taking boundary conditions as (3.22), (3.23) and (3.24) means that
A±|wR=+1 = 0 , A±|wR=−1 = 0 , (3.31)
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(R + i)A±|wR=0 =(R− i)A±|wR=∞ . (3.32)
Thus, by using the relation (2.19) , one can obtain the following expressions:
gˆ−1∂±gˆ|wR=+1 = ±
V± + V ′±
e2α − 1 + U± , (3.33)
gˆ−1∂±gˆ|wR=−1 = ±
−V± + V ′±
e2α − 1 + U± , (3.34)
(R + i)
[
gˆ(−gˆ−1∂+gˆ − V ′+ + U+)gˆ−1
] ∣∣
wR=0
= (R− i) [gˆ(−gˆ−1∂+gˆ + U+)gˆ−1] ∣∣wR=∞ ,
(3.35)
(R + i)
[
gˆ(−gˆ−1∂−gˆ − e−2αV ′− + U−)gˆ−1
] ∣∣
wR=0
= (R− i) [gˆ(−gˆ−1∂−gˆ + U−)gˆ−1] ∣∣wR=∞ .
(3.36)
Since the choice of the Drinfeld double (3.19) enable us to take gˆ|wR=0 ∈ G (not GC), one
can take gˆ|wR=0 = 1 by using a 2D gauge invariance g 7→ gh (h ∈ G) . Furthermore, the
condition τ˜ gˆ = µ∗t gˆ indicates τ˜(gˆ|wR=0) = µ∗t (gˆ|wR=0) = gˆ|wR=∞ , and then
gˆ|wR=0 = gˆ|wR=∞ = 1 . (3.37)
For the other poles, one may introduce two degrees of freedom g , g˜ ∈ G (not GC) like
g := gˆ|wR=+1 , g˜ := gˆ|wR=−1 , (3.38)
because wR = ±1 are fixed points of µt .
Then for g and g˜ , the left-invariant 1-forms can also be introduced as
j± := g−1∂±g , j˜± := g˜−1∂±g˜ . (3.39)
Thus the boundary conditions (3.33)-(3.36) lead to
±V± + V
′
±
e2α − 1 + U± = j± , (3.40)
±−V± + V
′
±
e2α − 1 + U± = j˜± , (3.41)
(R + i)(−V ′+ + U+) = (R− i)(+U+) , (3.42)
(R + i)(−e−2αV ′− + U−) = (R− i)(+U−) . (3.43)
These relations can be solved by
V± = ±(e2α − 1)j± − j˜±
2
, (3.44)
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V
′
+ =
1
cothα− iR(j+ + j˜+) , (3.45)
V
′
− = −
e2α
cothα + iR
(j− + j˜−) , (3.46)
U± = ± 1∓ cothα
2(cothα∓ iR)(j± + j˜±) +
1
2
(j± + j˜±) . (3.47)
Thus the components of L in (3.28) and (3.29) are given by
L+ = sinhα
2 sinh(zR + α)
(j+ − j˜+) + 1
2
i coth(zR + α) +R
i cothα +R
(j+ + j˜+) , (3.48)
L− =− sinhα
2 sinh(zR − α)(j− − j˜−) +
1
2
i coth(zR − α) +R
−i cothα +R (j− + j˜−) . (3.49)
Then it is possible to put together these expressions into a single form like
L± =± sinhα
2 sinh(zR ± α)(j± − j˜±) +
1
2
i coth(zR ± α) +R
±i cothα +R (j± + j˜±) (3.50)
=
1
2
√
1 + η2( tanh zR
tanhα
)2
1± tanh zR
tanhα
(j± − j˜±) + 1
2
1
1± tanh zR
tanhα
(
1∓ η
tanh zR
tanhα
(η ±R)
1∓ ηR
)
(j± + j˜±) , (3.51)
where a deformation parameter η has been introduced as
−iη := tanhα . (3.52)
One can see that the Lax pair (3.50) indeed satisfies the reality condition:
τL =
[
± sinhα
2 sinh(−zR ± α)(j± − j˜±) +
1
2
i coth(−zR ± α) +R
±i cothα +R (j± + j˜±)
]
dσ±
=L±(−zR)dσ±
=µ∗tL . (3.53)
The last expression of L (3.51) will be useful for our later discussion.
Next, let us derive the deformed action by evaluating the master formula (2.25) . The
residues necessary for the derivation are computed as
reswR=1 ω ∧ L =dwR ∧ dσ+
[
−1
2
(j+ − j˜+)− 2e
2α
e4α − 1
1
cothα− iR(j+ + j˜+)
]
+ dwR ∧ dσ−
[
1
2
(j− − j˜−) + 2e
2α
e4α − 1
1
cothα + iR
(j− + j˜−)
]
, (3.54)
reswR=−1 ω ∧ L =dwR ∧ dσ+
[
1
2
(j+ − j˜+)− 2e
2α
e4α − 1
1
cothα− iR(j+ + j˜+)
]
+ dwR ∧ dσ−
[
−1
2
(j− − j˜−) + 2e
2α
e4α − 1
1
cothα + iR
(j− + j˜−)
]
. (3.55)
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Note that for these residues, the contributions from U± vanish.
Using the fact
reswR=±1 ω = 0 , (3.56)
the resulting 2D action is given by
S[{j, j˜}] = 1
4
∫
M
dτ ∧ dσ
[〈
j+ − j˜+, j− − j˜−
〉
+
2e2α
e4α − 1
〈
j+ + j˜+,
2
cothα + iR
(j− + j˜−)
〉]
.
(3.57)
In terms of the deformation parameter η , the action can be expressed as
S[{j, j˜}] =1
4
∫
M
dτ ∧ dσ
[〈
j+ − j˜+, j− − j˜−
〉
+ (1 + η2)
〈
j+ + j˜+,
1
1 + ηR
(j− + j˜−)
〉]
.
(3.58)
3.4 Relating j˜ to j
So far, the resulting Lax form and 2D action are written in terms of j and j˜ . In order
to reproduce the well-known results, one needs to impose some relation between j and j˜
like j˜ = f(j) so as to remove j˜ . It seems likely that there should be some choices for the
relation.
Note firstly that the action (3.58) is invariant under exchange of j and j˜ . This fact
requires that any relation j˜ = f(j) must exhibit the Z2-grading property f(f(j)) = j . In
the following, we start with j and discuss for the relation to j˜ . Then, in order for j˜ to
satisfy the bulk and boundary equations of motion (2.8) and (2.9), the flatness condition
for j˜ ,
∂+j˜− − ∂−j˜+ + [j˜+, j˜−] = 0 (3.59)
must be satisfied. In summary, the relation j˜ = f(j) has to satisfy the Z2-grading f ◦ f = 1
and preserve the flatness condition for j˜ .
A trivial relation3 is given by
i) j˜ = j . (3.60)
3One might think of that the case j˜ = −j should be possible. However, it is not the case because j and
j˜ do not satisfy the same flatness condition.
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It works for any Lie algebra g and reproduces the action (2.48) of the η-deformed PCM, as
we will see later.
One may consider another choice of j˜ if g is supposed to be a simple Lie algebra. The
commutation relations in the standard Cartan form are given by
[Ha, Hb] = 0 , (a, b = 1, 2, . . . , r) ,
[Ha, Eα] = α(Ha)Eα , [Eα, E−α] = α(Ha)Ha ,
[Eα, Eβ] = Nα,βEα+β (β 6= −α) , (3.61)
where Ha are the elements of the Cartan subalgebra of g . An important point is that the
commutation relations (3.61) are invariant under the following transformation:4
E±α 7→ exp (λ±α)E±α , Ha 7→ Ha (λ±α ∈ C) , (3.62)
where the parameter λα satisfies
λα + λβ = λα+β , λα + λ−α = 0 . (3.63)
We choose λα as
λα = −ikαpi (kα ∈ Z) . (3.64)
There may be some manners to realize a map λ : Cr → C such that (3.63) and (3.64) are
satisfied. For possible representations, see Appendix B.
By employing the symmetry (3.62), we can consider the second configuration
ii) j˜ = exp(piΣ) j , (3.65)
where Σ : gC → gC is defined as
Σ(Eα) = −ikαEα , Σ(Ha) = 0 . (3.66)
The exponential map (3.65) corresponds to the choice (3.64) in (3.62). In this case, j˜ satisfies
the same flatness condition (3.59) as j , and satisfies the Z2-property:
j = exp(piΣ) ◦ exp(piΣ) j . (3.67)
Hence one may take this configuration. Indeed, the commutation relations in (3.61) imply
that the Lie algebra has a Z2-grading by assigning the grade 0 and 1 for the spaces where
kα is even and odd, respectively.
4A similar exponential map has been discussed in a different context [17].
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i) Solution with j˜ = j
Let us first consider the configuration j˜ = j . In this case, the Lax pair (3.48), (3.49)
becomes
LR+(wR) = +
2
e2αw2R − 1
1
cothα− iRj+ +
1− cothα
cothα− iRj+ + j+ ,
LR−(wR) =−
2
e−2αw2R − 1
1
cothα + iR
j− − 1 + cothα
cothα + iR
j− + j− .
(3.68)
In terms of zR , the Lax pair (3.68) can be rewritten as
LR±(zR) =
i coth(zR ± α) +R
±i cothα +R j±
=
1
1± tanh zR
tanhα
(
1∓ η
tanh zR
tanhα
(η ±R)
1∓ ηR
)
j± . (3.69)
This expression is precisely the η-deformed Lax pair [5] with the spectral parameter λR =
tanh zR/ tanhα and the deformation parameter η . Note that the periodicity of the Lax pair
(3.69) is
LR(zR + pii) = LR(zR) . (3.70)
The associated action can be obtained by setting j˜ = j in (3.58) as
S[g] =(1 + η2)
∫
M
dτ ∧ dσ
〈
j−,
1
1− ηR j+
〉
. (3.71)
This expression is again equivalent to the action (2.48) for the η-deformed PCM [4,5].
The su(2) case As an example, let us consider the case of the Lie algebra g = su(2) . The
generators T a (a = 1, 2, 3) of su(2) are introduced as
[T a, T b] = εabc T c , Tr
(
T aT b
)
= −1
2
δab , (3.72)
where εabc is a totally antisymmetric tensor normalized as ε123 = +1. The left-invariant
1-form j is then expanded as
j± = j+±T
− + j−±T
+ + j3±T
3 , (3.73)
where T± are linear combinations of T 1 and T 2 defined as
T± =
1√
2
(
T 1 ± iT 2) , [T+, T−] = 2iT 3 , [T±, T 3] = ±iT± . (3.74)
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Let us take the R-operator of the Drinfeld-Jimbo type [18,19] such that
R(T±) = ∓iT±, R(T 3) = 0 . (3.75)
Then, the Lax pair (3.69) can explicitly be rewritten as
LR±(zR) =
sinhα
sinh(α± zR)
[
T−e−zRj+± + T
+e+zRj−± +
cosh(α± zR)
coshα
T 3j3±
]
. (3.76)
The Lax pair (3.76) takes the same expression as (4.22) in [16].
ii) Solution with j˜ = exp(piΣ) j
Next, let us consider the case j˜ = exp(piΣ) j . In this case, the Lax pair (3.51) takes the
form
LR±(zR) =
1
2
(
1± tanh zR
tanhα
) (1∓ η tanh zRtanhα (η ±R)
1∓ ηR +
1
cosh zR
)
j±
+
1
2
(
1± tanh zR
tanhα
) (1∓ η tanh zRtanhα (η ±R)
1∓ ηR −
1
cosh zR
)
exp(piΣ)j± . (3.77)
Note that the periodicity of the Lax pair (3.77) is
LR±(zR + 2pii) = LR±(zR) . (3.78)
To rewrite the 2D action (3.58), we expand the left-invariant current j± as
j± =
∑
a
ja±Ha +
∑
α>0
(
jα±Eα + j
−α
± E−α
)
. (3.79)
By substituting this expansion into (3.58) and taking the R-operator of the Drinfeld-Jimbo
type [18,19]
R(E±α) = ∓iE±α , R(Ha) = 0 , (3.80)
we obtain
S[g] =
∫
M
dτ ∧ dσ
( ∑
α,α′>0
kα:odd
〈
jα+Eα+j
−α
+ E−α, j
α′
− Eα′+j
−α′
− E−α′
〉
+ (1 + η2)
∑
a
〈
ja+Ha, j
a
−Ha
〉
+
∑
α,α′>0
kα:even
(
(1 + iη)
〈
j−α+ E−α, j
α′
− Eα′
〉
+ (1− iη)
〈
jα+Eα, j
−α′
− E−α′
〉))
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=∫
M
dτ ∧ dσ
(
〈j+, j−〉+ η2
∑
a
〈
ja+Ha, j
a
−Ha
〉
− iη
∑
α,α′>0
(〈
jα+Eα + j
−α
+ E−α,
exp(piΣ) + 1
2
(j−α
′
− E−α′ − jα
′
− Eα′)
〉))
.
(3.81)
Here we have used the fact that
〈Eα, Eβ〉 = δα+β,0 . (3.82)
Note that in the second line of the action (3.81), (exp(piΣ) + 1)/2 is a projection to the
space where kα is even.
It is convenient to rewrite the action (3.81) in terms of the R-operator. To this end, by
using the relation(
1
1− η R +
1
1 + η R
)
j± =
2
1 + η2
∑
α>0
(
jα±Eα + j
−α
± E−α
)
+ 2
∑
a
ja±Ha , (3.83)
the above action (3.81) can be rewritten as
S[g] =
1 + η2
2
∫
M
dτ ∧ dσ
[〈
j+,
1
1 + ηR
j−
〉
+
〈
j+,
1
1− ηRj−
〉]
− η
∫
M
dτ ∧ dσ
〈
j+,
exp(piΣ) + 1
2
R j−
〉
. (3.84)
The integrability of the system (3.84) is ensured by construction. For a direct proof of the
integrability, see Appendix C. The B-field appears only in the second line of the action
(3.84) since Σ and R is skew-symmetric operators by definition. It should be remarkable
that this action is different from the usual YB-deformation of PCM, and this should be
a new type of YB deformation. Usually, only the factor 1/(1 − ηR) is utilized, but here
1/(1 + ηR) appears as well. The target-space metric obtained from this action is the same
as the usual one because the metric depends only on η2 . The coupling to the B-field is also
different because it depends on the new ingredient Σ .
As a remark, it may be interesting to compare the overall factors of (3.71) and (3.84) .
The extra factor 2 is multiplied in (3.71) in comparison to (3.84) . If we consider the solution
i) as the deformation by two 1/(1 − ηR)’s, then this factor 2 can be naturally explained.
Namely, in the solution i), one should have appreciated
2
1− ηR =
1
1− ηR +
1
1− ηR , (3.85)
and in the solution ii), one of them is replaced by 1/(1 + ηR) . This property would deserve
to be called “chirality”.
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The su(2) case For completeness, we will give explicit expressions of the Lax pair and the
action for the su(2) case. In this case, the operator Σ may be identified with the R-operator
which appeared in the mCYBE (2.32) since the su(2) algebra does not have non-Cartan
generators with even kαj . The Lax pair for j˜ = exp(piR) j can be obtained by using (3.50)
as
LR+(wR) =
1
e2αw2R − 1
[
(e2α − 1)(j++T− + j−+T+)wR + 2 tanhα j3+T 3
]
+ tanhα j3+T
3
=
(e2α − 1)wR
e2αw2R − 1
(j++T
− + j−+T
+) +
(e2αw2R + 1)
(e2αw2R − 1)
(e2α − 1)
(e2α + 1)
j3+T
3 , (3.86)
LR−(wR) =
1
w2R − e2α
[−(e2α − 1)(j+−T− + j−−T+)wR − 2e2α tanhα j3−T 3]− tanhα j3−T 3
= −(e
2α − 1)wR
w2R − e2α
(j+−T
− + j−−T
+)− (w
2
R + e
2α)
(w2R − e2α)
(e2α − 1)
(e2α + 1)
j3−T
3 . (3.87)
They can be expressed in terms of zR = logwR as
LR±(zR) =
sinhα
sinh(α± zR)
[
T−j+± + T
+j−± +
cosh(α± zR)
coshα
T 3j3±
]
. (3.88)
The action is also determined as,
S[g] = −
∫
M
dτ ∧ dσ ηij [Tr(jijj)− 2η2 Tr(T 3ji)Tr(T 3jj)] . (3.89)
The Lax pair (3.88) and the action (3.89) are the ones for the squashed sigma model [20,21].
Finally, let us note that the above action can be rewritten into a dipole-like form. To
see this, we introduce the deformed currents as
JL±τ =
1
2
g ·
(
1 + η2
1∓ η Rj+ +
1 + η2
1± η Rj−
)
· g−1 , (3.90)
JL±σ =
1
2
g ·
(
1 + η2
1∓ η Rj+ −
1 + η2
1± η Rj−
)
· g−1 . (3.91)
By using the action (3.75) of the R-operator, these deformed currents are expressed as5
J
L±
i = ji − 2η2 Tr
(
jiT
3
)
g · T3 · g−1 ∓ η εij∂j(g · T3 · g−1) , (3.92)
where εij is the anti-symmetric tensor and normalized as ετσ = 1 . By using the expression
(3.92), we can obtain
S[g] = − 1
1 + η2
∫
M
dτ ∧ dσ ηij Tr
(
J
L+
i J
L−
j
)
. (3.93)
5J
L±
i correspond to j
L±
µ in [16].
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4 The left-right duality
In this section, we shall discuss the left-right duality in the η-deformed PCM.
As mentioned previously, the space described by wR is different from the one of zL .
However, the spectral parameters are related through a Mo¨bius transformation [16]
1
w2R
=
zL + iη
zL − iη . (4.1)
In fact, the transformation (4.1) maps the twist function (2.31) of the rational description
to that of the trigonometric description (3.5) like
ω =
1− z2L
z2L + η
2
dzL =
4 (e2α − w2R) (e2αw2R − 1)
(e4α − 1)wR (w2R − 1)2
dwR , (4.2)
where we have used η = i tanhα , and set K = 1 + η2 for simplicity. The transformation
(4.1) was originally discovered in [16] to show the left-right duality in the squashed S3 sigma
model.
Since the transformation (4.1) contains the square of wR , we have to take care about
the parameter region of wR . Solving (4.1) in terms of wR , we obtain
wR =

(
zL++iη
zL+−iη
)−1/2
(RewR > 0)
−
(
zL−+iη
zL−−iη
)−1/2
(RewR < 0)
. (4.3)
This map implies that there is a branch cut between +iη and −iη on each Riemann sphere
parameterized by zL± . Namely, C× with wR (or the cylinder with zR) is regarded as the space
constructed by joining two CP 1’s with zL± via the cut. In [16], with this global picture of
spectral parameter space, the left-right duality has been revealed at the level of the affine
charge algebras for the su(2) case.
By taking the Lax pair (3.68) in the trigonometric description, the monodromy matrix
is given by
TR(wR) := P exp
(∫ ∞
−∞
dσLRσ(σ;wR)
)
, (4.4)
where the symbol P denotes the path-ordering as usual. The τ and σ components of the
Lax pair are given by
LRτ =
1
2
(LR+ + LR−) , LRσ =
1
2
(LR+ − LR−) . (4.5)
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Here we suppose the boundary condition that the left-invariant 1-form j vanishes at the
spacial infinity. By expanding TR(wR) around wR = 0 and ∞ , the generators of a quantum
affine algebra Ûq(gR) can be obtained [14]. One can show the global equivalence at the level
of the monodromy matrix (or equivalently conserved charges) between the trigonometric
and rational descriptions by following [16].
It is also worth mentioning about the local equivalence at the level of the Lax pair.
Namely, the Lax pair (3.69) is related to the Lax pair for the rational description (2.46) by
the standard gauge transformation:
LR± =
zL+
zL+ ± 1
(
1∓ η(η ±R)
zL+(1∓ ηR)
)
j±
=g−1 · LL+± (zL+) · g + g−1∂±g , (4.6)
where we use the relation between the spectral parameters
zL+ =
tanhα
tanh zR
. (4.7)
Note here that only half of the parameter region of zR
−∞ < Re zR <∞ , −pi
2
< Im zR <
pi
2
(4.8)
is covered while zL+ spans the whole space of C .
So far, we have discussed the solution i). For the solution ii), we need to consider more
carefully. This issue is left as a future problem.
5 Conclusion and Discussion
In this paper, we have discussed η-deformations of PCM from the viewpoint of a 4D CS
theory. In comparison to [12], our discussion has started with the trigonometric description
rather than the rational one. A significant difference is the region of the space of spectral
parameter and in the trigonometric description, the whole region is covered by construction
all at once. As a result, the well-known η-deformed PCM action and its Lax pair have been
successfully reproduced as a trivial choice j˜ = j . In addition, by introducing the Σ map,
another solution has been discovered as a byproduct. The resulting action is not the usual
form of the YB-deformed PCM because the factor 1/(1 + ηR) is also contained as well as
1/(1− ηR) in a symmetric way and the B-field depends on the Σ map. Hence this should
be a new-type of YB-deformation.
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It is significant to generalize this new-type of YB-deformation to the symmetric coset
case and type IIB string theory on AdS5×S5 by following [8,9]. The coupling to the B-field
is different from the usual YB deformation, and so the other components like R-R fields
and dilaton other than the metric would be modified due to the appearance of the new
ingredient Σ . We will report some results in another place [22].
As another direction, it would be nice to consider a connection between our result and
the λ-deformation. It is well known that the η-deformed PCM is related to the λ-model [6,7]
via the Poisson Lie T-duality [23,24]. So it is interesting to discuss our result from the point
of view of the λ-model. For recent work on λ-deformed PCM concerning with 4D CS theory,
see [25, 26].
It may also be interesting to try to generalize our results to the hCYBE case. In par-
ticular, it seems difficult to generalize the Σ map to the hCYBE case. It may be useful to
employ a scaling limit as discussed in Appendix D.
We hope that our result would shed light on the relation between the global structure
of the spectral parameter space and the YB deformation.
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Appendix
A How to solve the boundary equations of motion
In this appendix, we shall explain how to solve the boundary equations of motion (3.12)
and (3.13) . A significant point observed in [12] is that the boundary equations of motion
can be solved by regarding (Aα, ∂ξxAα) as an element of a Drinfeld double. Before solving
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the boundary equations of motion, we will give a brief review on the Drinfeld double itself
(for the details, see, for example, [27–29]).
A.1 Drinfeld double
A Drinfeld double d (of a Lie algebra gs) is a Lie algebra equipped with a symmetric adjoint-
invariant non-degenerate inner product 〈·, ·〉d . The Drinfeld double d is a direct product of
two subvector spaces gs and g˜s as a vector space
d = gs ⊕ g˜s , (A.1)
where gs and g˜s are Lie subalgebras of d with the same dimension d = dim gs = dim g˜s . Let
{Ta} and {T˜ a} (a = 1, . . . , d) be the generators of gs and g˜s , respectively. These generators
satisfy
〈Ta, Ta〉d = 0 , 〈T˜ a, T˜ b〉d = 0 , 〈Ta, T b〉d = δba . (A.2)
Namely, gs and g˜s are the maximal isotropic subalgebras of d with respect to the inner
product 〈·, ·〉d . By defining TA := (Ta, T˜ a) , the relations in (A.2) can be recast into a
simple form,
〈TA, TB〉d = ηAB =
(
0d δa
b
δab 0d
)
. (A.3)
Here 0d denotes the d × d zero matrix. This expression indicates that the structure group
on the Drinfeld double d is O(d, d) .
Suppose that the defining relations of d are given by
[TA, TB] = FAB
CTC , (A.4)
where FAB
C are the structure constants of d . In terms of Ta and T˜
a , the commutation
relations are rewritten as
[Ta, Tb] = fab
cTc , [Ta, T˜
b] = f˜ bcaTc − facbT˜ c , [T˜ a, T˜ b] = f˜abcT˜ c , (A.5)
where fab
c := Fab
c and f˜abc := F
ab
c are the structure constants of gs and g˜s , respectively.
Furthermore, the Jacobi identity for d leads to the following relations between fab
c and f˜abc :
f˜ cedfab
d = 4 f˜d[c[afb]d
e] . (A.6)
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By definition, the Drinfeld double d has a decomposition into two Lie subalgebras g and
g˜ satisfying (A.3), (A.5) and (A.6). The triple pair (d, gs, g˜s) is called a Manin triple. In
general, a given Drinfeld double d can have some Manin triples, namely,
d = gs ⊕ g˜s = g′s ⊕ g˜′s = · · · , (A.7)
where each of the Manin triples satisfies the conditions (A.3), (A.5) and (A.6) .
A.2 Solutions to the boundary equations of motion (3.12), (3.13)
Let us solve the boundary equations of motion
ij〈〈(Ai, ∂ξpAi), δ(Aj, ∂ξpAj)〉〉t,p = 0 , p ∈ p , (A.8)
where the double bracket is defined as
〈〈(x, y), (x′, y′)〉〉t,p := (resxω)〈x, x′〉+ (resp ξpω) (〈x, y′〉+ 〈x′, y〉)
= K (〈x, y′〉+ 〈x′, y〉) . (A.9)
As discussed in [12,30], (Ai, ∂ξpAi) can be regarded as an element of a Drinfeld double with
the inner product 〈〈·, ·〉〉t,p, and hence we can solve the boundary equation of motion. In the
following discussion, we will explain this point.
i) Semi-abelian double
By definition, the double bracket is a symmetric non-degenerate inner product on a vector
space t which is isomorphic to the direct product of two gs ,
t = k⊕ k˜ , (A.10)
k = {(x, 0)|x ∈ gs}, (A.11)
k˜ = {(0, y)|y ∈ gs} . (A.12)
Let us first discuss the Lie algebraic structure of t with a group multiplication of Gs n gs
which has (g,A) := (g, g∂ξg−1) as an element. The multiplication rule of Gsn gs is induced
by a group multiplication of Gs .
To this end, let us consider
Gs ×Gs → Gs : (g1, g2) 7→ g1 · g2 . (A.13)
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Then, we obtain
(g1,A1) · (g2,A2) = (g1 · g2,A1 + Adg1(A2)) , (A.14)
where Ai = ∂ξgig−1i (i = 1, 2) and Adg(x) = g · x · g−1 for x ∈ gs . By using this rule, the
inverse of (g,A) is given by
(g,A)−1 = (g−1,−Adg−1(A)) . (A.15)
Then, the right-invariant current is
−d(g,A) · (g,A)−1 = −(dgg−1, dA+ [A, dgg−1]) = (A, ∂ξA) , (A.16)
and the adjoint action is given by
Ad(h,∂ξhh−1) ((A, ∂ξA)) = (Adh(A),Adh(∂ξA) + [∂ξhh
−1,AdhA]) , (A.17)
where h ∈ Gs . This adjoint action implies that the vector space t has the following Lie
algebra commutator
[(x, y), (x′, y′)]t = ([x, x′], [x, y′]− [x′, y]) , (A.18)
and the inner product (A.9) is adjoint invariant. In fact,
〈〈Ad(h,∂ξhh−1)((x1, y1)),Ad(h,∂ξhh−1)((x2, y2))〉〉t,p
= K(〈Adhx1,Adhy2 + [∂ξhh−1,Adhx2]〉+ 〈Adhy1 + [∂ξhh−1,Adhx1],Adhx2〉)
= K(〈x1, y2〉+ 〈y1, x2〉+ 〈x1, [h−1∂ξh, x2]〉+ 〈[h−1∂ξh, x1], x2〉)
= 〈〈(x1, y1), (x2, y2)〉〉t,p . (A.19)
In the final equation, we have used the fact that the inner product 〈·, ·〉 is adjoint invariant.
We will consider the inner product (A.9) and the commutator (A.18) in more detail.
It is convenient to introduce the generators Ta and T˜
a of two vector subspaces k and k˜ ,
respectively. They are represented by the generators ta (a = 1, . . . , d := dim gs) of gs as
Ta = (ta, 0) , T˜
a = (0, ta) . (A.20)
Here ta := tbη
ab , where ηab is the Killing form of gs , and ta’s are normalized as
〈ta, tb〉 = ηab . (A.21)
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Then, the generators TA = (Ta, T˜
a) satisfy
〈〈TA, TB〉〉t,x = KηAB , (A.22)
where ηAB is defined in (A.3). Equivalently, k and k˜ are maximally isotropic with respect to
the inner product 〈〈· , ·〉〉t,x. The commutation relations of TA = (Ta, T˜ a) are given by
[Ta, Tb]t = fab
c Tc , [T˜
a, T˜ b]t = 0 , [Ta, T˜
b]t = −facbT˜ c , (A.23)
where fab
c are the structure constants of gs . This implies
k = gs n {0} , k˜ = {0}n gab , (A.24)
where gs,ab is an abelian algebra with dim gs,ab = d . Furthermore, the generators TA’s
satisfy the Jacobi identity
[[TA, TB], TC ] + [[TB, TC ], TA] + [[TC , TA], TB] = 0 . (A.25)
Therefore, t is a Drinfeld double with a Manin triple (t, k, k˜) and the inner product (A.9).
The Drinfeld double t is often called a semi-abelian double.
As a result, we can solve the boundary equation of motion by requiring
(Ai, ∂ξpAi) ∈ k or (Ai, ∂ξpAi) ∈ k˜ . (A.26)
If we take the second boundary condition, we obtain the PCM with Gs.
ii) Other solutions
The Drinfeld double t can have other Manin triples. An important thing is the Manin triple
(t, gs n {0}, gs,R) with the commutation relations
[T ′a, T
′
b]t = fab
c T ′c , [T˜
′a, T˜ ′b]t = f˜abcT˜ ′c ,
[T ′a, T˜
′b]t = f˜ cbaT ′c − facbT˜ ′c ,
(A.27)
where T ′a and T˜
′a are the generators of gs n {0} and gs,R , respectively, and f˜abc are the
structure constants of gs,R defined as
f˜abc = η r
adfdc
b − η rbdfdca . (A.28)
Here η is a real parameter. When η = 0 , the above Manin triple reduces to the previous
one (A.24). The skew-symmetric constant matrix rab = −rba satisfies the hCYBE
fe1e2
a rbe1 rve2 + fe1e2
b rce1 rae2 + fe1e2
c rae1 rbe2 = 0 , (A.29)
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and gives rise to a classical r-matrix r ∈ gs ⊗ gs in the tensorial notation
r =
1
2
rabta ∧ tb = 1
2
rab(ta ⊗ tb − tb ⊗ ta) . (A.30)
The hCYBE ensures that f˜abc satisfies the Jacobi identity.
Remarkably, the two Manin triples (t, k, k˜) and (t, gsn{0}, gs,R) are related by an O(d, d)
transformation6,
T ′A = TB OBA ,
OBA =
(
Oba Oba
Oba Oba
)
=
(
δba η r
ba
0d δ
a
b
)
∈ O(d, d) ,
(A.31)
or equivalently,
T ′a = Ta , T˜
′a = T˜ a + η Tbrba . (A.32)
The transformation (A.31) is a β-transformation acting on the generators of t , and preserves
the O(d, d) metric (A.22). This observation leads to explicit elements of the Lie algebra gs,R .
By using the transformation rule (A.32), the deformed dual generator T˜ ′a is
T˜ ′a = T˜ a + η Tbrba = (0, ta) + (ηR(ta), 0) = (ηR(ta), ta) , (A.33)
where the R-operator R : gs → gs is defined as
R(x) :=
1
2
rab(ta〈tb, x〉 − tb〈ta, x〉) , x ∈ gs. (A.34)
In terms of the R-operator, the hCYBE (A.30) can be rewritten as
CYBE(x, y) = [R(x), R(y)]−R([R(x), y] + [x,R(y)]) = 0 , x , y ∈ gs . (A.35)
As a result, the dual Lie algebra gs,R is represented by
gs,R = {(ηR(x), x) |x ∈ gs} . (A.36)
In this way, the Manin triple (t, gsn{0}, gs,R) is generated from (t, k, k˜) by the O(d, d) trans-
formation (A.31). In particular, this fact means that the homogeneous YB deformations
can be regarded as β-transformations [28,33,34].
As in the previous case, the boundary equations of motion can be solved by taking the
boundary conditions,
(Ai, ∂ξpAi) ∈ (gs n {0}) or (Ai, ∂ξpAi) ∈ gs,R . (A.37)
The second choice gives rise to the homogeneous YB deformation of the Gs-PCM associated
with the classical r-matrix (A.29).
6This relation has been observed in the classification of six-dimensional Drinfled doubles [31,32]
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A.3 A solution to the boundary equation of motion (3.14)
Finally, we will consider the direct product hs composed of vector spaces g
δ
s and gs,R like
hs := g
δ
s ⊕ gs,R , (A.38)
gδs := {(x, x)|x ∈ g} , (A.39)
gs,R := {((R− i)x, (R + i)x)|x ∈ g} . (A.40)
The linear R-operator is associated with the classical r-matrix of Drinefeld-Jimbo type for
g and satisfies the modified CYBE (2.32) with c = i . The vector spaces hs , g
δ
s and gs,R
are real forms of (3.19), (3.20) and (3.21). Then (3.20) can be used as a solution to the
boundary e.o.m. (3.14). In the following discussion, we will show that hs can be seen as a
Drinfeld double.
To begin with, let us take the following basis elements for two vector subspaces gδs , gs,R
as, respectively,
Ta = (ta, ta) , T˜
a = ((R− i)ta, (R + i)ta) . (A.41)
Here ta are generators of g satisfying (A.21). The inner product on hs is defined as
〈〈(x, y), (x′, y′)〉〉hs :=
i
2
(〈x, x′〉 − 〈y, y′〉) , (A.42)
which has the same form with (3.17) up to an overall factor. It is then easy to show that
these generators satisfy
〈〈TA, TB〉〉hs = ηAB . (A.43)
Therefore, gδs and gs,R are maximal isotropic subalgebras of hs with respect to the inner
product 〈〈·, ·〉〉hs .
Next, let us show that hs has a Lie-algebraic structure, or equivalently g
δ
s and gs,R are Lie
algebras and satisfy the relations (A.5) and (A.6) . By definition, Ta’s satisfy the standard
relations
[Ta, Tb]hs = fab
cTc , (A.44)
where the commutator [·, ·]hs is defined as
[(x, y), (x′, y′)]hs := ([x, x
′], [y, y′]) . (A.45)
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The commutator for T˜ a’s is given by
[T˜ a, T˜ b]hs =
(
[(R− i)ta, (R− i)tb], [(R + i)ta, (R + i)tb]) . (A.46)
Each entry in (A.46) is evaluated as
[(R± i)ta, (R± i)tb] = [R(ta), R(tb)]± i[ta, (R± i)tb]± i[ta, R(tb)]− [ta, tb]
= (R± i) ([R(ta), tb] + [ta, R(tb)])
= (racfcd
b − rbcfcda)(R± i)(td) , (A.47)
where in the second equality, the mCYBE (2.32) has been used. The matrix components of
the R-operator, rab are given by the relation
R(ta) = −rac tc , (A.48)
and satisfy the mCYBE
fe1e2
a rbe1 rce2 + fe1e2
b rce1 rae2 + fe1e2
c rae1 rbe2 = fabc . (A.49)
Therefore, T˜ a’s satisfy
[T˜ a, T˜ b]hs = f˜
ab
cT˜
c , (A.50)
where the structure constants f˜abc are given by
f˜abc = r
adfdc
b − rbdfdca . (A.51)
In particular, thanks to the mCYBE (A.49), the structure constants (A.51) satisfy the
Jacobi identity. Furthermore, by using (A.51) , we can obtain
[ta, (R± i)tb] = f˜ bcatc − facb(R± i)tc . (A.52)
This relation indicates
[Ta, T˜
b]hs = ([ta, (R− i)tb], [ta, (R + i)tb]) = f˜ bcaTc − facbT˜ c . (A.53)
Finally, by using the Jacobi identity of fab
c , we can check that the structure constants fab
c
and f˜abc satisfy the relation (A.6). As a result, hs can be regarded as a Drinfeld double.
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B Representation of λ-map
Let discuss here a possible construction of a λ-map in (3.62) .
For example, by the use of a Cartan generator (say H1) , it is possible to construct a
semigroup homomorphism α 7→ λα labeled by the integer kα as follows:
λα = −iα(H1)
α¯
pi := −ikαpi , (B.1)
where α¯ is a constant to be fixed appropriately. Then the map Σ : gC → gC is given by
Σ(Eα) := −i α(H1)
α¯
Eα = −ikαEα , Σ(Ha) = 0 . (B.2)
One can see that the exponential map exp(piΣ) indeed exhibits Z2-grading.
As a concrete example, it is instructive to consider the su(n) case. Explicitly, the weights
for the defining representation of su(n) are given in the standard form: (for example, see [35])
ν1 =
(
1
2
,
1
2
√
3
, . . . ,
1√
2m(m+ 1)
, . . . ,
1√
2(n− 1)n
)
,
ν2 =
(
−1
2
,
1
2
√
3
, . . . ,
1√
2m(m+ 1)
, . . . ,
1√
2(n− 1)n
)
,
ν3 =
(
0,− 1√
3
, . . . ,
1√
2m(m+ 1)
, . . . ,
1√
2(n− 1)n
)
,
...
νm+1 =
(
0, 0, . . . ,− m√
2m(m+ 1)
, . . . ,
1√
2(n− 1)n
)
,
...
νn =
(
0, 0, . . . , 0, . . . ,− n− 1√
2(n− 1)n
)
. (B.3)
Then the simple roots can be obtained from the weights as7
α(m) = νm − νm+1 (m = 1, 2, . . . , n− 1) . (B.4)
Hence, by taking that α¯ = 1/2 , the first component of arbitrary roots are expressed as
α(H1) = m1 × 1 +m2 × (−1/2) := kα/2 (m1,m2, kα ∈ Z) .
Thus the λ-map has been well constructed for the su(n) case.
7The convention of the positive root in [35] is backward. See Chapter 13 of [35].
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C A direct proof of the integrability for (3.84)
Here, we shall directly prove the classical integrability of the new system (3.84) by showing
that the equation of motion of the action (3.84) is equivalent to the flatness condition of the
Lax pair (3.77). Although the classical integrability is ensured by construction, it is still
instructive to see the structure of the Lax pair in detail.
C.1 The equation of motion for (3.84)
First of all, let us derive the equation of motion from the classical action (3.84). Taking an
infinitesimal variation
g 7→ g + δg = g + g =⇒ δj = d+ [j, ]
⇐⇒
{
δj+ = ∂++ [j+, ]
δj− = ∂−+ [j−, ]
(C.1)
for the action (3.84), we can obtain
δS[g] =
1 + η2
2
∫
M
dτ ∧ dσ
[
−
〈
, ∂+
(
2
1− η2R2 j−
)
+ ∂−
(
2
1− η2R2 j+
)
+
[
j−,
2
1− η2R2 j+
]
+
[
j+,
2
1− η2R2 j−
]〉]
− η
∫
M
dτ ∧ dσ〈,−∂+(Σ(e)Rj−)+ ∂−(Σ(e)Rj+)− [j+,Σ(e)Rj−]+ [j−,Σ(e)Rj+] 〉 .
(C.2)
Here we have introduced the following projection operators into the spaces with even and
odd values of kα in (3.64), respectively,
Σ(e) :=
1 + exp[piΣ]
2
, Σ(o) :=
1− exp[piΣ]
2
. (C.3)
Thus the equation of motion reads
0 =(1 + η2)
[
∂+
(
1
1− η2R2 j−
)
+ ∂−
(
1
1− η2R2 j+
)
+
[
j−,
1
1− η2R2 j+
]
+
[
j+,
1
1− η2R2 j−
] ]
− η [∂+ (Σ(e)Rj−)− ∂− (Σ(e)Rj+)+ [j+,Σ(e)Rj−]− [j−,Σ(e)Rj+]] ,
(C.4)
and it can be decomposed into the even and odd parts:
E = E (e) + E (o) = 0 , (C.5)
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E (e) :=(1 + η2)
[
∂+
(
1
1− η2R2 Σ
(e)j−
)
+ ∂−
(
1
1− η2R2 Σ
(e)j+
)
+
[
Σ(e)j−,
1
1− η2R2 Σ
(e)j+
]
+
[
Σ(e)j+,
1
1− η2R2 Σ
(e)j−
] ]
− η [∂+ (Σ(e)Rj−)− ∂− (Σ(e)Rj+)+ [Σ(e)j+,Σ(e)Rj−]− [Σ(e)j−,Σ(e)Rj+]] ,
(C.6)
E (o) :=(1 + η2)
[
∂+
(
1
1− η2R2 Σ
(o)j−
)
+ ∂−
(
1
1− η2R2 Σ
(o)j+
)
+
[
Σ(o)j−,
1
1− η2R2 Σ
(e)j+
]
+
[
Σ(o)j+,
1
1− η2R2 Σ
(e)j−
]
+
[
Σ(e)j−,
1
1− η2R2 Σ
(o)j+
]
+
[
Σ(e)j+,
1
1− η2R2 Σ
(o)j−
] ]
− η [[Σ(o)j+,Σ(e)Rj−]− [Σ(o)j−,Σ(e)Rj+]] .
(C.7)
Note here that [
Σ(o)j−,
1
1− η2R2 Σ
(o)j+
]
+
[
Σ(o)j+,
1
1− η2R2 Σ
(o)j−
]
=
[
Σ(o)j−,
1
1 + η2
Σ(o)j+
]
+
[
Σ(o)j+,
1
1 + η2
Σ(o)j−
]
=0 .
(C.8)
In total, the equation of motion means
E (e) = E (o) = 0 . (C.9)
C.2 Evaluating the flatness condition for (3.77)
Next, let us examine the flatness condition for the Lax pair (3.77).
It can be rewritten in terms of Σ(e) and Σ(o) as
LR± =
1
1± zL
[(
1∓ ηzL(η ±R)
1∓ ηR
)
Σ(e)j± +
√
1 + η2z2L Σ
(o)j±
]
, (C.10)
where
zL =
tanh zR
tanhα
, −iη = tanhα . (C.11)
It is straightforward to show the following expressions:
∂+LR− − ∂−LR+ =
1
1− z2L
[(
1 + zL
(
1 +
η(η −R)
1 + ηR
)
+ z2L
η(η −R)
1 + ηR
)
∂+Σ
(e)j−
−
(
1− zL
(
1 +
η(η +R)
1− ηR
)
+ z2L
η(η +R)
1− ηR
)
∂−Σ(e)j+
]
+
√
1 + η2z2L
1− z2L
{
(1 + zL)∂+Σ
(o)j− − (1− zL)∂−Σ(o)j+
}
,
(C.12)
36
[LR+,LR−]
=
1
1− z2L
([(
1− ηzL(η +R)
1− ηR
)
Σ(e)j+,
√
1 + η2z2L Σ
(o)j−
]
+
[√
1 + η2z2L Σ
(o)j+,
(
1 +
ηzL(η −R)
1 + ηR
)
Σ(e)j−
]
+
[(
1− ηzL(η +R)
1− ηR
)
Σ(e)j+,
(
1 +
ηzL(η −R)
1 + ηR
)
Σ(e)j−
]
+
[√
1 + η2z2L Σ
(o)j+,
√
1 + η2z2L Σ
(o)j−
])
.
(C.13)
Thus the flatness condition for the Lax pair (C.10) is evaluated as
0 = ∂+LR− − ∂−LR+ +
[LR+,LR−] = 11− z2L
(
F (e) +
√
1 + η2z2L F (o)
)
, (C.14)
where
F (e) :=
(
1 + zL
(
1 +
η(η −R)
1 + ηR
)
+ z2L
η(η −R)
1 + ηR
)
∂+Σ
(e)j−
−
(
1− zL
(
1 +
η(η +R)
1− ηR
)
+ z2L
η(η +R)
1− ηR
)
∂−Σ(e)j+
+
[(
1− ηzL(η +R)
1− ηR
)
Σ(e)j+,
(
1 +
ηzL(η −R)
1 + ηR
)
Σ(e)j−
]
+
[√
1 + η2z2L Σ
(o)j+,
√
1 + η2z2L Σ
(o)j−
]
,
(C.15)
F (o) :=(1 + zL)∂+Σ(o)j− − (1− zL)∂−Σ(o)j+
+
[(
1− ηzL(η +R)
1− ηR
)
Σ(e)j+,Σ
(o)j−
]
+
[
Σ(o)j+,
(
1 +
ηzL(η −R)
1 + ηR
)
Σ(e)j−
]
.
(C.16)
In summary, the flatness condition means that
F (e) = F (o) = 0 . (C.17)
C.3 Comparison between (C.9) and (C.17)
The remaining task is to show the equivalence between the equation of motion (C.9) and
the flatness condition (C.17) for arbitrary values of the spectral parameter zL . Note that it
is sufficient to establish the relation for each of the odd and even parts, separately.
To this end, we will make use of the off-shell flatness condition for each part:
Z(e) := ∂+Σ(e)j− − ∂−Σ(e)j+ + [Σ(e)j+,Σ(e)j−] + [Σ(o)j+,Σ(o)j−] = 0 , (C.18)
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Z(o) := ∂+Σ(o)j− − ∂−Σ(o)j+ + [Σ(e)j+,Σ(o)j−] + [Σ(o)j+,Σ(e)j−] = 0 . (C.19)
The odd part
The R-matrix of Drinfeld-Jimbo type leads to the relation
1
1− η2R2 Σ
(o)j± =
1
1 + η2
Σ(o)j± , R(1 +R2)j± = 0 . (C.20)
With these relations, we can obtain
F (o) =zL E (o) − zL
([
η3R(1 +R2)
1− η2R2 Σ
(e)j+,Σ
(o)j−
]
+
[
Σ(o)j+,
η3R(1 +R2)
1− η2R2 Σ
(e)j−
])
+ Z(o)
=zL E (o) + Z(o) = zL E (o) . (C.21)
Thus it follows that
E (o) = 0 ⇐⇒ F (o) = 0 (∀zL ∈ C) . (C.22)
The even part
Similarly, the even part of the flatness condition can be rewritten as
F (e) =zL
(
E (e) − ∂+
(
η3R(1 +R2)
1− η2R2 Σ
(e)j−
)
+ ∂−
(
η3R(1 +R2)
1− η2R2 Σ
(e)j+
)
+
[
Σ(e)j+,Σ
(e)j−
]− [η3R(1 +R2)
1− η2R2 Σ
(e)j+,Σ
(e)j−
]
− [Σ(e)j+,Σ(e)j−]− [Σ(e)j+, η3R(1 +R2)
1− η2R2 Σ
(e)j−
])
− z2L
(
ηR
(E (e))+ ηR(−∂+(η3R(1 +R2)
1− η2R2 Σ
(e)j−
)
+ ∂−
(
η3R(1 +R2)
1− η2R2 Σ
(e)j+
))
− η2(1 + η2) mCYBE
(
1
1− ηRΣ
(e)j+,
1
1 + ηR
Σ(e)j−
))
+ (1 + z2Lη
2)Z(e) , (C.23)
where the new symbol, mCYBE(X, Y ) is defined as
mCYBE (X, Y ) := [R(X), R(Y )]−R([R(X), Y ] + [X,R(Y )])− [X, Y ] = 0 , (X, Y ∈ g) .
(C.24)
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In deriving the term including the mCYBE in (C.23), we have used the relation(
± 1 + η
2
1− η2R2 + ηR
)
j± =
(
± 1 + η
2
1− ηR
)
j± (C.25)
since the R-operator acts as R→ 0,∓i .
After all, we obtain
F (e) = zLE (e) − z2L ηR
(E (e))+ (1 + z2Lη2)Z(e) = zLE (e) − z2L ηR (E (e)) , (∀zL ∈ C) . (C.26)
This means that
E (e) = 0 ⇐⇒ F (e) = 0 (∀zL ∈ C) . (C.27)
D A speciality of SU(2)
Let us consider the SU(2) case for the general discussion in Subsection 3.4. Although there
are two solutions i) j˜ = j and ii) j˜ = exp(piΣ)j , they are locally equivalent because the
resulting actions in (3.71) and (3.84) are equivalent up to total derivative due to a speciality
of SU(2) . Hence one may anticipate a connection between the solution i) and ii) . Indeed,
this is the case. We show that the two solutions are related via a singular formal gauge
transformation.
The Lax pair LRi)± (zR) in (3.76) may be related to the one LRii)± (zR) in (3.88) via a gauge
transformation,
LRii)± (zR) = g−1(+) · LRi)± (zR) · g(+) + g−1(+)∂±g(+) (D.1)
where
g(±) = exp(∓i(logwR)T3) ∈ su(2)C . (D.2)
Since the transformation (D.1) can be regarded as a formal gauge transformation from
LRii)(zR) to LRi)(zR) by g−1(±) , the boundary conditions are different for each Lax pair while
the bulk equation of motion is preserved. To see this twist explicitly, let us express the Lax
pair as
LR = g¯−1dg¯ . (D.3)
This expression is always possible if we allow singular gauge transformations because the
bulk equation of motion implies that LR is pure gauge. The formal gauge transformation
by g−1(+) = exp(i(logwR)T3) is realized by the transformation
g¯ 7→ g¯′(+) = g¯g(+) = g¯ exp(−i(logwR)T3) (D.4)
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and an extra gauge transformation (2.6) . Recalling that the boundary conditions in (3.31)
lead to
gˆ−1∂±gˆ|wR=+1 = LR±|wR=+1 = g¯−1∂±g¯|wR=+1 , (D.5)
gˆ−1∂±gˆ|wR=−1 = LR±|wR=−1 = g¯−1∂±g¯|wR=−1 , (D.6)
if g¯−1dg¯ is a solution to the boundary equation of motion satisfying
g¯−1∂±g¯|wR=+1 = g¯−1∂±g¯|wR=−1 , (⇔ j˜ = j) , (D.7)
then g¯′−1(+)dg¯
′
(+) is a solution satisfying
g¯′−1(+)∂±g¯
′
(+)|wR=+1 = exp
(
piR
)
g¯′−1(+)∂±g¯
′
(+)|wR=−1 , (⇔ j˜ = exp(piR)j) . (D.8)
In summary, the solutions i) and ii) in subsection 3.4 are not topologically equivalent,
though these configurations are related by a formal gauge transformation which is singular
at wR = 0,∞ for the su(2) case.
E η-deformed SL(2,R) PCM and scaling limit
Here, let us consider an η-deformation of SL(2,R)-PCM. In this case, the target space
becomes a warped AdS3 geometry. Then one may consider a scaling limit of this geometry
[36] and the 3D Schro¨dinger spacetime [37]. We shall revisit this scaling limit at the level
of a meromorphic 1-form ω .
E.1 Notation and classical r-matrices with sl(2,R)
We first introduce the notation of the Lie algebra sl(2,R) .
Let Ta(a = 0, 1, 2) be the generators of sl(2,R) satisfying the commutation relations
[Ta, Tb] = εab
cTc . (E.1)
Here εab
c := εabd η
dc , ηab = diag(−1, 1, 1) and the antisymmetric tensor εabc is normalized
as ε012 = 1 .
By using the Pauli matrices σa , the generators can be represented by
T0 =
i
2
σ2 , T1 =
1
2
σ1 , T2 =
1
2
σ3 . (E.2)
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The bracket 〈·, ·〉 in the deformed action (3.71) is replaced with the trace Tr, and the
generators T a’s are normalized as
Tr(TaTb) =
1
2
ηab , Tr(T+T−) = −1 , (E.3)
where we introduced the light-cone combinations T± = 1√2(T0 ± T1) .
In the SL(2,R) case, one may consider three types of classical r-matrix
space-like : rs = 2T2 ∧ T0 , (E.4)
time-like : rt = 2T2 ∧ T1 , (E.5)
light-like : rl = 2T2 ∧ T− , (E.6)
where rs , rt , and rt are called the space-, time-, and light-like r-matrices, respectively. The
space(time)-like r-matrix rs(rt) solves the mCYBE of (non-)split type, and the associated
YB deformed AdS3 is called the space(time)-like warped AdS3 spacetime. The light-like
r-matrix rl satisfies the hCYBE, and the associated YB deformed AdS3 is the Schro¨dinger
spacetime [11]. The space-like and time-like cases may also be called η-deformations.
As explained in [36], the light-like case is realized as a scaling limit of the space(time)-like
warped AdS3 spacetime.
E.2 A scaling limit of the η-deformed SL(2,R) PCM
We consider here the light-like case by taking a scaling limit of the η-deformed SL(2,R)
PCM associated with the time-like r-matrix rt in (E.5) .
Let us start with the η-deformed action,
SYB[g] =
1 + η˜2
2
∫
dτ ∧ dσTr
(
g−1∂−g
1
1− η˜ Rt g
−1∂+g
)
, (E.7)
where η˜ is a positive real parameter and g ∈ SL(2,R) . The R-operator Rt : sl(2,R) →
sl(2,R) associated with the time-like r-matrix rt in (E.5) is defined as
Rt(i T1 ± T2) := ±i (i T1 ± T2) , Rt(T0) = 0 . (E.8)
It is easy to check that Rt satisfies the mCYBE of non-split type,
CYBE(x, y) =
1
4
[x, y] , x , y ∈ sl(2,R) . (E.9)
The above deformed action can be reproduced from the 4D CS action (2.2) with an appro-
priate boundary condition [12].
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Then, let us consider the YB deformed action with the light-like r-matrix (E.6) as a
scaling limit of the η-deformed action (E.7). To begin with, T± appearing in the time-like
r-matrix (E.5) are rescaled as
T− → −
√
2η
η˜
T− , T+ → − η˜√
2η
T+ , (E.10)
and the time-like r-matrix (E.6) is rewritten as
rt = 2T2 ∧ T1 →
√
2T2 ∧
(√
2η
η˜
T− − η˜√
2η
T+
)
. (E.11)
By taking the limit
η˜ → 0 , η = fixed , (E.12)
the time-like r-matrix rt (E.6) reduces to the light-like r-matrix rl (E.6),
lim
η˜→0
rt =
η
η˜
rl +O(η˜) , (E.13)
and the deformed action (E.7) becomes
SYB[g] =
1
2
∫
dτ ∧ dσTr
(
g−1∂−g
1
1− ηRl g
−1∂+g
)
. (E.14)
This is the YB deformed action for the light-like case.
This scaling limit can be seen at the level of a scaling limit of the meromorphic 1-form
ω (3.1) in the trigonometric description. As in [36], rescale the spectral parameter zR as
zR = α z˜R , (E.15)
and take a limit α→ 0 . Then, the limit of ω in (3.1) leads to a new ω˜ as follows:
ω˜ := lim
α→0
ω =
(1− z˜2R)
z˜2R
dz˜R . (E.16)
This ω˜ is a meromorphic 1-form for the homogeneous YB deformed PCM (or equivalently
a twist function of the deformed system for the light-like case).
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